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REPORT No. 323

FLOW AND FORCE EQUATIONS FOR A BODY REVOLVING IN A FLUID

IN FIVE PARTS
By A, F. Zagx

SUMMARY

This report, submitted to the National Advisory Committee for Aeronautics for publication, is
a slightly revised form of U. 8. Navy Aerodynamical Laboratory Report No. 380, completed for the
Bureau of Aeronautics in November, 1928. The diagrams and tables were prepared by Mr. F. A.
Louden; the measurements given in Tables 9 to 11 were made for this paper by Ar. R. H. Smith,
both members of the Aeronautics Staff. ) _

Part I gives a general method for finding the steady-flow velocity relative to a body in plane
curpilinear motion, whence the pressure is found by Bernoulli's energy principlé. Integration of
the pressure supplies basic formulas for the zonal forces and moments on the revolring body.

Part II, applying this steady-flow method, finds the velocily and pressure at all poinis of the
Jlow inside and outside an ellipsoid and some of s limiting forms, and graphs those quantities for
the latier forms. In some useful cases experimental pressures are plotted for comparison with
thearetical.

Part 111 finds the pressure, and thence the zonal force and moment, on hulls in plane curvi-

linear flight.

Part IV derives general equations for the resultant fluid forces and moments on trisymmetrical _

hodies moving through a perfect fluid, and in some cases compares the moment values with those
found for bodies moving in air.

Part V furnishes ready formulas for potential coefficients and inertia coefficients for an ellipsoid
and s limiting forms. Thence are derived tables giring numerical ralues of those coefficients for
a comprehensice range of shapes.
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FLOW AND FORCE EQUATIONS FOR A BODY REVOLVING IN A FLUID

PART I

INTRODUCTION

SteEADY-FLOW METHOD.—IN some few known cases one can compute the absolute particle
velocity ¢’ at any point (z, ¥, 2) of the flow caused by the rotation of a body, say with uniform
angular speed ©, in an infinite inviscid liquid otherwise still. Thence, since ¢’ is unsteady at
[z, ¥, 2), the instantaneous pressure there is found by Kelvin’s formula p,/p= —0¢/0t—¢'*/2, p,
being the supervacuo pressure there, and ¢ the velocity potential.

Otherwise superposing upon said body and flow field the reverse speed —Q, about the same
axis, gives the same relative velocity ¢ but which now is everywhere a steady space velocity.
In the body’s absence the circular fiow speed at the radial distance B would be Qo=—0R! If
the fixed body’s presence lowers_the speed at (z, ¥, 2) from g, to g, it obviously begets there the
superstream pressure

P_—P(QO 2)----.---.-;-7-—-—.-----_- ------ -_—7-?-"_:‘__-“(.1)-

or in dimensionless form, a being some fixed length in the body,

1p£2gz a2(1 q2/q02) ----------------------------- (11)’.

-l

The present text finds p by this steady-flow method only, and apphes it to streams a,bout, various
forms of the ellipsoid and its derivatives.
The superposed circular flow, go=—QR = —0y/OR, has the strea.m—functmn

which, for rotation about the z axis, plots as in F1gure 4. This flow has no velocity potential,
since OY/OR#0.

GenERAL Formuras For VELOCITY ‘COMPONENTS.~In plane flow,? as is known, & particle
st any point (@, ¥) of & line s drawn in the fluid has the tangential and normal velocity com-
ponents _ _

Lde_ ¥ L2 2y
as “on — n on as_-—"—-'—é—--—-——--.-—-'— @)

& This veloalty entalls the contrifagal pressure pempf Y2 at all distances, R= v 77 from the rotation axis of the circular stream, hero sssumed '

to be constrained by a cosxial closed cylinder infinitely large. To the dynamfc premu'e Pctp may also be added any arbitrary static pressure
such as that due to welght of other Impressed force.

- % At any surface point of the body ¢ is the velocity of wash or slip, whether the body moves or not; lt isg ;-q".. the difference of the tanzentlal
space velocltlés of the fiuld and surface point. If the body is fixed ¢"i=0, g=g’c.

3 Plane flow, viz two-dimensional flow, literally means flow in a plane; the térm applies also to space ﬂow that is the same in all parallel planes.

412
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FLOW AND FORCE EQUATIONS FOR A BODY REVOLVING IN A FLUID 413

where 8s, én are elements along the line and its normal. As usual, ¢,, ¢, are reckoned positive
respectively along 83, én positive; e. g. Figure 2. The components along z, ¥ are

Y=s-=5—

5z oy 0=y~ Tor-—————-- )

In solid flow (3), (4) still hold for ¢, and further w=0¢z. In
general, ¢ =w’+ ¥+ uwl=¢2+ ¢ At any point of a surface drawn in the
fluid g, is taken in the plane of ¢ and ¢,. All these velocities are referred
to fixed space.

Surrace VeLociTY.—A fixed body in any stream, since g,=0, has
the surface flow velocity ¢=¢,, which put in (1) determines the surface
pressure.

At any surface point of an immersed moving body ¢ is the same for
body and fluid, hence is known from solid kinematics. Thus, if the body
is any cylinder rotating as in Figure 1,

gx=—0R dR/ds=QR sin (0—8)=Qh;=Q(mz—ly)_______ (5)

where the symbols are as defined in Figures 1, 2.
More generally, for any surface with velocities Q,, Q,, Q; about the
axes , ¥y, 2,

= (ny—mz)Q.+ (z—nx)Q,+ (me—ly)Q,__ _________ ®)

where [, m, n are the direction cosines of the surface normal, as in (13;).

9
Y

% 2,

Figure 1.—Component velocl
tles ¢a, g: of surface point of
any rigld cylinder having an-
gular speed 2 about any sxis
parallel to fits length. ga=
Qh1; que=Qht. M=R sin (@—
B)=—R dR/de=mz—ly, 1, m
being dlrection cosines of the
normal to the contour element
dsat (z,¥). Ifthebody rotates
in a fluld, ga=0¥/O2mdp/On,
At any surface point ¢« Is the
same for hody and Aunid; ¢:
different except at points of no
slippage

If at the same time the body has translation components, U, V, W along z, ¥, 2 (6) must be

y increased by {U+mV+n W, giving

@u=U(U+ 20, — y2) + m(V+aQ,—

side the body.

x/fa a ‘Y=fpdy Y=f1’)d'.t

hy

ZQ:) +n(W+ yﬂ,—zﬂ,) - (7)

But (5), (6), (7) espress ¢, only at the model’s surface.
Equations (1) to (7) obtain whether the fluid is inside or out-

ZoNarL Forces axp MoMENTs —For any cylinder spm.m.ng
about 2, as in Figure 1 or 5, surface integration of p gives, per
unit of z-wise length, the zonal* forces and moment, respectively,

Fiovee 2.—Geometric data for conlocal Where p dy, p dr are the z, ¥ components of the elementary
ellipses. =;¢' eas y=r c03 ﬁ‘;”'b’ sin - surface force p ds, and r is the radius vector of (z, 7). To derive
7=rdn f; gr tan #=tea y=p tanfi= N we note that p ds has components p r dg, p dr along and across
¢ X: himrsin 5—f); ha=r cos @-f). 7. Having no moment, p r d8 can be ignored, leaving only p
fmaemg’ ¢, e=+1-F[c? beingecesn-  dr with arm 7. Thus, 2N= fp d(r?*), which varies as the area of

trilty of ab the graph of p versus 2.

A surface of rotation about z, spinning about its 2 axis, has zonal forces

X=SSpdydz Y=SSpdedz__

tA zone Is any part of the surface bounded by two parallel planes; in this text they ere assumed normat to z, and the zone has the bounding

plenes r=(, z=4x7; In Part ITT other planes are used; e, g. 1=y, T=a.
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If ds,, ds. are elements_of its lines of meridian and latitude, as in Figure 3, the moment about

z of p ds, ds, is p r dr ds. in the plane w=0, and p r dr dse cos w=p r dr dz=dXN for any
meridian plane; hence the zonal moment is

Y=/ Pdz Bty XY (10)

Since p is symmetrical about the z axis, Z=0=Y=L= M= N; viz, the assumed zone is

not urged along v, z or about z, ¥, z. In general, X is not zero for such a zone, but is zero for

the whole model, - The zonal ¥, N are zero for steady

Y : rotation about z in a frictionless liquid, because p is

b symmetrical about_the x axis; but are not so in a viscid
2 fluid, nor for accelerated spin in a perfect fluid.

A4 For trisymmetrical surfaces we note also: If the

zones were formed by planes normal to z, zonal X

Al A Y " not zero; e. g., for a viscid fluid. Similarly for zones
with faces normal to y.

- in the pla.ney Olsf Pr dr This is zero for a fric-

A of zone, L
FiquREe 8 —Geomstrio data for prolate sphevold. Z=a oos In addltmn to bhe pressure forces and moments ]u%
% y=b8in y 05 w=r sin A cos u; z=b sin v sin w=r sin considered, due to rotation about z, a viscid fluid exerts
g sin o; R=+77F§), & n is positive outward; & #, £ fricti trical about th b t £
1., positive as Indicated by srrows; emgemb sty Surifce friction symme rical abou e z axrs, ut 1o
treated here.

For any surface S, clearly (9) still holds and (10) cﬁr; be generahzed to the usual form -

N=JSpade—ydy)de_ e (104
GroMETRICAL FormuLas.—Most of the surfaces treated in this text are members of the
confocal ellipsoid family _
x? 7 2 . 2 2 ’
pr el v Nl srapual Saby i v Ry SEEEEEEREEEEERER R (11)

whose semi axes are a’ = va?+ A, etc. The following known properties are needed.
The distance from the center to the tangent plane at the point (x, ¥, 2) of a’b’c’ is

2 2\ —}
h! ( 14+b?{4+ Z“) --——-----—-———---_-——---———--.---——(12).

The direction-cosines of the normal to said plane are
1, m,n=, by M e 2(13)

4 The radius of the lat{tude circle is denoted by ze=ys.

T, A would be zero for motion about z; zonal NN in general _
7

By (10) the bendmg moment about the 2 ‘ordinate
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The partial derivatives of A are

22—22712 g;=2m713 %=2nh, g_‘l=27h _________________ (14:)

More generally for any surface f(x, ¥, 2) =0, one knows

R PSR C) CY -

and the distance from the origin to the tangent plane at (x, ¥, 2) is
he=le+my+nz=rcos y__ .. _ .o _______ P, (12)

v being the angle between the radius vector » and the normal. ;

Covyextions.—In all the text @, y, z have the positive directions shown in Figure 3,
as also have thez, ¥, 2 com- y
ponents of velocity, accelera-
tion, force, inear momentum.
The angular components
about z, ¥, z of velocity, ac-
celeration, moment, momen-
tum are positive in the re-
spective directions ¥ to 2z, 2
to =, « to y. The positive
direction of a plane closed /
contour & is that followed /

; 7 MR

by one going round it with [ ; i ‘,"\ i
the inclosure on his left, as. j ""m[“ f ////// /{ \\\\\\ m\l N
in Figure 2; the positive
direction of the normal n
is from left to right across s;
and 8s, &n determine the positive directions of the tangentlal and normsl flow veloc1t1es g
¢x; 8s previously stated. For s closed surface &n is positive outward and &g is positive
in the direction of one walking on the outer surface with n on his left.

The word ““displaced fluid,”” used in treating the motion of a submerged body, usually
means fluid that would just replace the body if the latter were removed.

FIGURE 4—Streamlines for \6-% 9 Rt with Increments A ¥m.2, for fluid rotating with unifero
angular velocity Q=—1 ’
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FLOW AND FORCE EQUATIONS FOR A BODY REVOLVING IN A FLUID

PART I
VELOCITY AND PRESSURE

(A) BODIES IN SIMPLE ROTATION

Eirirtic CyrinpER.—For an endless elliptic cylinder, of semiaxes a, b, ¢ (= «), rotating
about ¢ with angular speed @, in an infinite inviscid liquid, otherwise still, one knows ?

e=—m' Qay= —%m_fcﬂca’b’ sin 2y Y= —-;-m’cﬂca’b’ €OS 2% e oo (15)
v
N - ' /
(AN
\\ 6\*9\66((\
{
\\ P“" # 9
N ; ) NG
\ - - L—‘“ ~ / Qo
) ~
N
. - - N\
/ = \ \
: % \
/ // W -- )
{ = '\. |l\‘|l‘"| ‘\‘I‘l:‘\\\“ : \‘h"?/‘"//[//l/l 'Il'llllll"ll"l ':n f . Ny ) \
! i 'u'i‘l'", TS Al 11 II',’HIHHHU'" iy ; “
L a o 3G

F1eUREZ §.—Streamlines for endless elliptio oylinder rotating about Its long axis with uniform angular veloeity Q; shows &-—% me0a

08 2 with increments A ¥=.2, Q=1. For Inside finid, ¥m=—3 S75 0 @—y)

the geometric symbols being as in Figure 2. For any outer confocal a’d’ the potential coefficient
has the constant-value .
=(a+b)* (@ —b)/2ab (@ + b ) - - oo (16)?

On the model’s surface a’ =a, b’ =b; m’ .= (a*—b%)/2ab.

The equipotential lines on either surface ab or a’b’ are its intersections with the corre-
gponding family of hyperbolic cylinders ay= — ¢/m’ .Q=const. Normal to the equipotentials
are the streamlines ¢ =const. Graphs for ¥=0, 0.2, 0.4, etc., are shown in Figure 5 for 2 model
having a/b=4. They are instantaneous streamlines, and form with the model a constant
pattern in uniform rotation about ¢ in said infinite liquid.

At any outer confocal a’d’ the velocity components are, if x=m’,a’d’Q,

d e} .
q’,=%—f= —k cos 27 d_z . g’n=a—f=x_§m_2n g—:= —g tan 2y .. (17)

1 Proofs of (15), (28}, (29), (40) are found In books; e. .2 Lumb §§ 72 106. 110, 118, Bth ed., except that anb reverses the slgn ot @ ir B

- g o
* Equivalont to (16) is m’sw (" ::«7?7:’: ; ‘,‘17. ¢, ¢ Deing the eccentrloities of ab, ', On ab this becomes m'smet/I<e. S0 (45)

for the six potentlal coefflolents mq, may, Mc, Mm'0, My, M’ In the value of ¢ for more general motion.
416 . . . . _ .
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where dn/ds=1/a’ +/1—e" cos™, as one easily finds. Alternative to (17) are
q's= —m'eﬂc%wy= —m’ Q7 cos (6+6) ¢ x=—¢q ctan 2nq________._(17;)

Thus for =0, 45°, 90° (17) and (17;) give ¢’;/Q.= —m’.a’, 0, m'B’. At the model’s surface,
where m’ .= (:*—b?){2ab, (17,) become '

2__A2
’ a

g‘='—__Tbbﬂcr cos (9+8) =0 sin 0—F)-ooeem --(175)
the latter being %,Q., as in (5).

Where ¢',=0, or cos =1/+/2, viz, at the stream poles, clearly x=a’/+/2, ¥=0'/4/2,
—yt=ate e o ____ (18)

a rectangular hyperbola. (18) is the instantaneous polar streamline, e. g., Figure 5, orthogonal
to all the confocal ellipses. Its asymptotes are y= +x; its vertices are at ¢= xae/~/2; it cuts

each ellipse where x/y=a’/b’, viz, on the diagonals of the circumscribed rectangle. For an_

endless thin plate of width 2a the poles are at y=0, = + a/+/2.
Superposing —Q, on the body and fluid, and using (2), changes (15) to

=%(r’—m’¢a’b’ €0s 2o _ . _ e e (19)

Its graph, with A¢=0.2, gives the streamlines in Figure 6 for the flow 2.=—1 round a fixed
cylinder having a/6=4. About the point (0, 1.45) in Figure 6, is a whirl separated from the

outer flow by the streamline ¢=4.25. This line abuts on the model at the inflow points 4, 1;

spreads round it and emerges at the outflow points 0, 0.2 The streamlines for an endless thin
rectangle having b=0, e=1, are similar to those of Figure 6, but infinitely crowded at the edges.
The superposed particle velocity — Qs contributes to (17,)

¢ =—Qrcos (—B)=—hfly ¢'2=—Qsin (—B)=—hQeeee___ (20)

also ¢’ ,=¢'’;tan (6—B). Adding (17,) and (20) gives the components ¢;=¢;+¢" 5, ¢x=¢ 2+ 7" n

of the resultant flow velocity at any field point. One notes that (20) are the reverse of g,, ¢«
in Figure 1.
In particular ¢,=0 on the fixed model and =, y axes; hence there

glal.= —g[m’c cos (6+B)+cos (B—ﬁ?] g/go=m’, cos (#+B)+cos (0—B)---__ 21)

Thus ¢/g,=1-+m’, on the x axis; 1—m/, on the y axis; and 1 at = where m’,=0. The dashed
line in Figure 6 gives ¢/aQ.= — (1—m’.)y/a for points on the y axis; it crosses y at the whirl
center where ¢=0, viz, where m’,=1. By (16) m’.=1 for the surface of any model having
afb=1+4+/2; and there is no whirl if a/b<{i++/2. Figure 7 shows g/aQ,. for the surface of a
model having afb=4, m’,= (e*—b*)/2eb=15/8.

Putting ¢%/¢% of (21) in (1,), where r*/a*=cos’p/cos®8, gives

pﬂ?:pazmﬁ (1—[m’, cos (6+8)+cos (6—B)2) cos® n/cos* B ——o——____(22)

which is graphed in Figure 7 for a model having a/b=4.
Integrating p/_%pqzﬂzc, as in (8), gives for an inviseid liquid Y=0=X; X##0. Figure 7
delineatés X for this case. :

1 The pointd f, o are identical with thosa in Figure 5; viz, where the alip speed ¢ In (21} Is zero; they are celled stop points, stagnation points, ste.
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For the surface of an endless flat plate (=0, c= o) fixed in the stream —,, clearly
m’.=a/2b and generally  cos (6—B)=0; hence (21) gives .

glaQ,= _2—1‘b cos (f+8)=—sinbecosqpeot 2q_ . _______________ (21,)
which equals — =, 0, 1/2 for =0° 45° 90°. The flow resembles that in Figure 6; it has

twin whirls abreast its middle, stop points at = £ a/+?2, and infinite velocity at the edges. _ . ..

Putting in (1,) r=2 and g,= —2Q, gives the plate’s surface pressure

p/l}xﬂz "’=$—2-—i='(l—cot2 27) cog? (22,)
g PENe = 2T e, v an R iR 1

FIGURE 6.—Streamlines about endless elliptic oylinder fixed in infinlte fuviscid liquid rotating about Its long axls with uniform anguiar speed—2;
shows \&—%- Q(ri—m'e a’ b’ cos 2y) with Incremients A ¥m.1, @=—1. Dotted line portrays z-wise speed on y axis

which equals —1/4, 1/2, — » foxz=0, *a/42, *a; viz, for 7=90°, 45°, 0, etc. )
Prorate Spueromn.—For a prolate spheroid, of semiaxes a, b, ¢, rotating about ¢ with
speed €. in an infinite inviscid liquid,

o= =m Qxy= —%m’cﬂca/b’ 8in 2 008 w_—__ e 23)
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FicuRe 7.—Endless elliptic eyliader fixed In infinite inviseld liquid uniformly rotating about {t; shows (1) z-wise T
zonAl pressure-force, X/% p a2 OF; (2) surface velocity /a0 and surfece pressure, p{%p ¢! O1, ahove or below undis- . -
turbed local pressure in uniform stream, —2
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the geometric symbols being as in Figure 3. For any outer confocal spheroid a’b’c’ (23) has
the known constant. potential coefficient ’ ' T

1+e e’3
_'1 —e 3._1__elz '
‘=3 . EEY I (24)
(2_82) 10 _____6+1 ez - T T —— e

e, ¢’ being the eccentricities of ab a’ b’ Table IV gives surface values of m’, for various shapes
of prolate. sphero1d o o T iy -
In the yz, zx planes ¢=0; in the xy plane, where cos w=1

¢=—-;—m'cﬂca’b’ sin 29 = '-7—~;1,—m',$2¢a’_b’ €O8 29 e (28))

which, except for m’,, have the same values as (15), entailing “the same polar streamlines (18).
The equipotentials on a’d’c’ are its intersections with the family xy= — o/m’ Q.= const.
At any point (z, ¥, 2) on a’d’¢’ the orthogonal velocity components are by (23)

-2 dy_ doda
=g dn ~ 9In 35&; B OOt THRREE R (25)

én, os,, 8s, denoting line elements along the normal, meridian, and circle of latitude, as in
Figure 3. Since ¢/, is absent from (1), we shall not need it; we merely note thaton the model’s
surface it is 7@, sin (6—pB) cos w. By geometry dn/ds,=r cos (8+8)/a’d cos 29,* dw/ds,=
1/b' sin 4; hence

g'y=—m'Q.r cos (6+8) cos w T@o=m' Q¢ coS BSID oo ne (25,)

For w=0, ¢’ (=¢'y) differs only by m’, from (17;) for an elliptic cylmder, also 7 cos B=z .

g w=m',2Q, sin w=0, m’ xQ, for w=0, /2.
Superposmg —£. on the above system adds to (251), as easily appears

¢'w=—Qrsin (0—B)cose ¢’',=—Qrcos (0—B)cosw ¢',=0r cos Bsin w___(26)

At-the now fixed surface and on the x, y axes ¢,=0=¢’,+¢’’,; hence summing (25,), (26)
gives there
.= —[m’.cos (8+8)+cos (§—B8)] Q. cos w—g,, cos w} 27 '
=(1+m Qe cos fsin 0=, sinw SR Sl bbbl

Thus for w=0 clearly g/go=m’, cos (0+8)+cos (6—p), differing from (21) only by m’,; for
w=7/2, ¢/ge=—(1+m’,), & formula hke that for a negatlve flow ¢ BCTOSS 8 cylinder; for w=0°, y

90°, 45°, ¢=1,, 9_',.,,\/ (@, +¢%). On the z axis gfgs=1+m’,; on the y axis ¢/gp=1—m'>0

everywhere, hence no whirl centers on y.

Figure 8 shows |g/aQ.| on the meridians w=0, +45°, +90° of a fixed spheroid with a/b=4.
Distributions symmetrical with these occur on the opposite half of the surface. Noteworthy
is ¢ for o= +90°. By (27) it is ¢= + (1+m’.)Qx; hence the straight-line graph in Figure 8.

Figure 8 shows also, for these meridians, the pressure computed with the working formula,
derived from (1,), (27).

P o Aecos?wt+Bsin®e. . S (28)
%Pa292c

{E. g, by (28) a%,, = d‘z 50 sin 29 cos w; viz, 7 cos (B-+B)=a’t’ cos 2 ﬂl. which gives oL d" n (25). Also directly q',-% -

—m’, a‘d—%zﬂ- — 1 e§)cr 008 (6-165) co3 oa,
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FIGURE 8.—Prolate spheroid fixed in infinite inviseld liquid aniformly rotating about It; shows (1) z-wisa zonal
pressure-force, Il%p at 0% (2) surface flow-speed, ¢'a Q; (3} surfece pressure, p[—:,— p al O, above o below

undisturbed local pressure in aniform stream, —2. Crosses and cfrcles give measured air pressures for D
—38.5 radians per second given in reference 3
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where 4=(1—[m’,; cos {8+ B)+cos (8—B)F) cos?p/cos?8, B=—m',(2+m',) cos’y. Here m’,=
.689 by Table IV. The crosses and circles, giving experimental values taken from Reference 3,
show good agreement with (28) for a considerable part of the surface. For cos w=0, pOCBoca:? ;
or the graph is parabohc

Integrating p, asin (9), (1), gives for an inviscid hqmd Y=0=N, X0 Flgure 8 portrays
X computed from theory and experiment. -

Evrvipsoip.—For an ellipsoid, of semiaxes @, b, : along 2, Y, 2, rotating about ¢ with speed
. in an infinite inviseid liquid, otherwise still,

which for any outer confocal ellipsoid a’d’c’, has the constant potential coefficient

r— — ' =57 3% Ly
me=CE-e) O @ ) B e)

the Greek letters being as in Part V. Surface values of m’, are listed in Table IV.
By (29) the equipotential lines on a’b’c’ are its intersections with the hyperbolic cylinder
family 2y = — ¢/m’ Q.=const. The orthogonals to ¢ cunst. at the surface a’b’c’ are the stream-
lines there. These by (31) are parallel to ¢ where £=0; parsallel to ¥ where y=0; normal to
z where 2=0. The same obviously holds for spheroids and other ellipsoidal forms.
In the 2y plane the flow has the polar streamlines (18); also it has there

o= _%—m’cgca’b' sin 2y ¢='—;1)—m’cﬂca’b’ €08 29 oo (29))

whenece the streamlines in that plane are plotted. The form of (2%;) is like those. of (15) and
(23,), for the elliptic cylinder and prolate spheroid, entailing similar expressions for the velocity
and pressure in the plane-flow field z=0. =

For the general flow the velocity components at a’b'¢’ are by (29)

4 .
y' = —<z95——+m )Qcy = _(ybm ‘+m”e)9.;c w' = ~9myag S (B31)
and those due to the superposed velocity —Q.R=g,, ate
w'’'=Qy V'=—Qx W =0 e (32).

whence the resultant velocity and pressure may be derived for all points of the flow field about
the ellipsoid fixed in the steady stream —Q.R. In forming the ¥, ¥, 2 derivatives of m’. one
may use the relations (14) and (72). .

Everywhere in the planes z= 0 y=0, the resultant velocities are. respectwely, by (31)

and (32), )
g=u=(1-m’' )2y g=o=—(1+m )& . (33)

while in the plane 2=0, ¢ can be found as indicated for an elliptic cylinder. (33) apply also
to the elliptic cylinder and prolate spheroid previously treated, and to all other forms of the
ellipsoid fixed in the flow —g..

(B) BODIES IN COMBINED TRANSLATION AND ROTATION

Mosr GeNErAL_MoTioN.—The most general motion of any body through a fluid may
have the components U, V, ¥ along, and Q,, @, Q. about, three axes, say a, b, c. The entailed
resultant particle velocity ¢’ at any flow point is found by compounding there the individual
velocities severally due to U, V, W, Q,, @, 2., and computable for an ellipsoid by formulas in
Reference 2 and the foregoing text.

_ Yawine Frieet.—In airship study the flow velocity ¢’ caused by a prolate spheroid in
steady circular flight is specially interesting. Let the spheroid’s center describe about 0,
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Figure 9, a circle of radius na, with path speed naQ. Then if & is the constant yaw angle of
attack, the component centroid velocities along a, b, and the steady angular speed sbout ¢ are,
respectively,

U=naQcosa =na sin « Q.= o __ (34)

If, now, velocities the reverse of (34) are imposed on the body and fluid, ¢,=0, and the
surface velocity g on the fixed spheroid has in longitude and latitude the respective components

G=(1+k)Usin 6—(1+%;) ¥ cos ¢ cos w—[m cos (84 8)+cos (06— ﬁ)]ch cos m} *
o= (1+Fp) Vsin o+ (1+m’')Qr cos Bsin w

where positive flows along ds are, respectively, in the directions of increasing 7, w, as in Fig-

ure3. Thetermsin U, V, are known formulas for translational flow, e. g., Referencge 2; the others
are from (27). Hence q then p is found for any point (8, w) on the spheroid.®* If Q, is negli-
gible, ¢=¢ sin ¢, where = (1+k4)*U*+ (1 +%,)*T?, and ¢ is the angle between the local and
polar normals, as proved in Reference 2. -

Figure 9, portrays, for specified conditions, theoretical values of p/%pQ’, ) beiﬁg the path

speed D%+ T2 of the spheroid’s center; it also portrays '}g/%p(?2 for the model! in rectilinear

motion, with @ =T The difference of ;p/%sz for straight and curved paths, though material,

is less than experiment gives, as shown by 9;. Fuller treatment and data are given in
Reference 3.

The forces X, T’ and moment N, for any zone, may be computed as before; but for the
whole model they are more readily found by the method of Part IV. Zonel Y and V for a
hull form are found in Part III.

The first of (35) applies also to an elliptic cylinder, with cos w=1, m’.=(a?—b%)/2ab.
Fixed in a flow — U, — ¥, —Q,, it has the surface velocity

g=(1+8/a) U sin 68— (L +afb)V cos ﬂ—[a;—;g—! cos (4+8)+cos (6—',3)]9; ___________ (36)

For an endless flat plate 5=0, cos §=>0/a. sin § cot 4; and the last term of (36) may be rewritten

by (21;); thus (38) becomes
g=(U—V cotg—af, cosqecot 2g) sinm &________________________ (37)

These two values of ¢ with (1;) give the pressure distribution over an elliptic cylinder or flat
plate revolving about an axis parallel to its length or fixed in a fluid rotating about that axis.
Thus an endless plate of width 2a, revolving with angular speed @, path radius ne, and
incidence «, as in Figure 10;, has by (37) the relative surface velocity, viz, slip velocity
g/aQ=(ncosa—nsinacot g—cosqgcot Znysin f___________________(38)
and since sin =1, g?= U?+ (V' +20Q)*=a%2*(n*+ 2n sin @ cos 5+ cos’y), (1) gives

p/%pa’gz=n’+2n sin & cos n+cos *p—n® (cos a—sin a cot g ——le cospeot 29y ________ 39

For n=3, a=30° Figure 10, delineates the distribution of slip velocity ¢/a2 on both sides of
the plate; 10; that of the pressure p/% pa*Q@® on its two faces. This pressure integrated over

the plate’s double surface gives Y'=0,.as may be shown. The dashed line in Figure 10, is the
pressure-difference graph whose integral for =0 to = is also zero. The resultant forces X, ¥
and moment N for such a plate are found in Part IV by & method simpler than surface inte-
gration of the pressure.

¥ Here again ¢ is the slip speed of the flow at any point of the body's surface, and depends only on the relative motfon of body and fluid.



424 REPORT NATIONAL ADVISORY COMMITTEE FOR AERONATUTICS

Frow Insipe Ernviesoip.—At any point inside an ellipsoid with speeds U, V, W, Qq, Qs
Q., along and about g, b, ¢, filled with inviscid liquid otherwise still,

B—e® F—a? a?—b?
o=Un+ Vy+ Wet g5 Qe+ g 0o+ rr i 0y oo oo oo (40)

O By B s w1 !

-2 -10 -8 -6 -4 -2

--083
- -.09 %
=
+-r0
=7

FI1GURE 9.—Prolate spheroid in steady yawing flight. (1) Defines * FieuRE 9 {continued).~For condiilons (i), (4) delineates pressure load per unit
velocity condifions; (2) delinestes theorstical pressure dis- length; (5) the zonal force; (8} the zonal moment. In (4) the full and doited lines
tribution; (8) experimental pressure distribution for Q=40 feet glve thearetical values from equations (a1}, (b1); the dashed line, experimental values
per ‘second. In (2) and (8), full lines indlcate rectilinear, from refarence 3. (%) is obtained by planimetring (4); (6) by planimetring (3)
dashed lines curvilinear motion . :

whose coefficients are constant for the whole interior. Hence the components of the particle

velocity ¢ are

o) ¢—a? at—0b* '
a_x¢i=u= U+cg_+ agﬂbz+az+b29cy ------------------------ (41)
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and like values for », w found by permuting the symbols. If the fluid were solidified any
particle would have

u=U+Qz—Qy, ete, eteo______ (42)

Thus when an ellipsoid full of inviseid still fluid is given any pure translation its content moves =
as a solid; but when given pure rotation each particle moves with less speed than if the fluid
were solidified, since the fractions in (41) are less than unity.

For velocities U, V, Q. of the ellipsoid

L

|

[}

(44
iHerence be-
tweer fwo faces

Lower surface
1
—
«*
Pressure di

1)

\

RI N /
R

Q
Qf-—--3

— - x/z)r__*

\

'
A
Upper surface

| T
& &
Relative surface flow-speed, q/all

Lower surface
Upper surfoce

T
)
[+
T
'
8

FiGURE 10.—Endless fiat plate revolving about axis parallel to its length, In Infinfe Inviseld fluid. (1) Defines condlitions; (2y delineates R
relative velocity ¢/fa @ of finid; (3) pressure p% p at 91, and pressure difference & p/% p at @ on two faces of plate

for which w=293¢/02z=0. TFor this plane flow (4) with (43) gives ..
¥=Ty— Vz—%n,Z:T‘gz(zf—yz)______-___; _________ o at)
whence the streamlines may be plotted. In particular if the model has simple rotation Q.,
2 —yt=—2 5 L /0, = const. oo (5)
and the interior streamlines are hyperbolas, as in Figure 5.
Adding (2) to ¢ In (45) gives the steady flow

2,
ey + 1 G B — (46)
hence the streamlines lie on the elliptic cylinders
e+t =(a*+b")/Q.y=const.._____ e e (47)

104397T—80——28
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By (46) ¢=29.(a*?+ b*c*)i/(a?+ %), which put in (1) gives at (z, y), since ¢o= —2.R,

A(ay +be? |
Prm P Qi PR g P - - oo m e (48)

where p,=pq?/2. Here p, is the centrifugal pressure due to the fluid’s peripheral velocity

¢o, and p is the pressure change due to go—¢, ¢ being the relative velocity of fluid and container.

In a like balloon hull ¢ would qmckly damp out, leavmg only p, as the dynamic pressure. At
the ends of g, b, ¢, respectively, (48) gives

Pu=D_ 4b* 40 0.
pn @TTY @B

For large a/b the first is negligible, the second approaches 4, giving p= —3p,= —1.5p0b° as
the temporary dynamic pressure drop 1n81de the hull at the end of 5. Experimental proof
would be interesting. T

PorenrtiaL CorrricieNTts.—An ellipsoid of semiaxes a, b, ¢ along 2, y, 2z, when movmg
through an infinite inviscid liquid, otherwise still, with veloclt,les U, V, W, Q. @, Q. along and
about the instantaneous lines of g, b, ¢, begets the known velocity potential

e=—mUx—m,Vy—m . We—m' Qyz—m’ Qpzx—m/ Ly . ___ (49

the six potential coefficients m being constant over any outer confocal ellipsoid a’b’¢’. Their
values for abe are given in Tables ITI, IV. Alternatively (49) can be written for this surface

2
Cz'l'al?k,bﬂbzx_q’___bzll chy_ . _-_(50)

2
o= —ke Ua:—kb'Vy—chZ—gz—ig—:k'aﬂa

the %s being the more familiar inertia coefficients defined and tebulated in Part V. Of the six
potentisl coefficients in (50) the first three are the same as the inertia coefficients k., k,, k.;
the last three are greater except when ¢/b or a/c or b/a is zero. Thus, if b/a =0 the last term of
(50)is — &’ R4y, which is the potential on the otuter surface of an elliptic cylinder (a = =) rotating
sbout ¢. Everywhere inside of it the potential is Qy, as (40) shows.

For the flow (40) textbooks give the inertia coefficients

2 2 —. — a2\2
Z'-.aal.kb: Z-‘c=]- k’a= 22%2: k,b= Z:__'_'%‘g),
which are the squares of the potential coefficients. Qne notes too that the ratios of like terms
in (40), (50) equal the ratios of like potential coefficients and like inertia coefficients, which
latter in turn are known to equal the ratios of like kinetic. energies of the whole outer and inner
fluids, if the inner moves as a solid.

RELATIVE VELOCITY AND KINETIC PRESSURE.—When & body moves steadily through a
perfect fluid, otherwise still, the absolute flow velocity it begets at any point (z, ¥, 2), being
unsteady, is not a measure of the pressure change there. The relative velocity is such a measure.
To find it we superposed on the moving body and its flow field an equal counter velocity, thus
reducing the body to rest-and making the flow about it steady. The same result would follow
from geometrically adding to said absolute flow velocity the reversed velocity of (x, ¥, 2) assumed
fixed to the body. In particular this process gives for any point of the body’s surface the wash
velocity, or slip speed, which with Bernioulli’s principle determines the entailed change of surface
pressure. Conversely, if the pressure change at & point is known or measured, it determines
the relative velocity there. In hydrodynamic books the above reversal is used commonly
enough for bodies in_translation. In this text it is_employed as well for rotation; also for
combined translation and rotation. However general its steady motion, the body is steadily
accompanied by a flow pattern whose every point, fixed relatively to the body, has constant
relative velocity and constant magnitude of instantanequs absolute velocity and pressure.
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PART II
ZONAL FORCES ON HULL FORMS! . N

PressuRE Loapine.—For a prolate spheroid abe with speeds U, V, @, Figure 9,, or fixed L
in a stream — U, — V, —Q,, (35) gives at (z, ¥, 2) on abc the relative velocity L

=0+ g, =A—B cos wt C cos* @
4, B, C being constant for any latitude circle. In forming this equation one finds -
B=2(1+k,)Usin 6{(1+k,)V cos 8+[m’, cos (8+8)+cos (6—B)IrQ.},
ete,, for 4, €. In the body’s absence said stream has, at said point (x, ¥, 2),
g’ =(— U+yQ.)+ (— V—29,)=4,— B; cos w+ C, cos? w,
where « alone varies on the latitude circle. Its radius being y, =2, makes 7=y, cos w,
B =2Uzq,,
ete., for A,, ;. Putting ¢, ¢o in (1) gives the surface pressure B
pl.5p=0q’—¢*=(4,—A)+ (B—B;) cos w+ (0;— O) cos? w.

2r 2r
By (10,) the loading per unit length of z is, sinceﬁ cos w=0= f cos® o,

™ 2x 2r
P/.5p=—5i;0J; p cos wdw= —(B—Bl)zaj; cost wdw=—1(B—B)ooo- - - — - - (a)

4, A;, O, C; vanishing on integration of p. Thus, finally, o _ —

P[5pQ*=—x(B—Baof@ - - - - (ar)

P having the direction of the cross-hull component of p at w=0. o
One notes that gi(e sin® w) contributes nothing to B or the integral in (8); viz, the loading ot
P is unaffected by ¢,, and depends solely on ¢,, the meridien component of the wash velocity. -
Also for 8=0 and =, B—B,=0=P. '
In Figure 9, the full line depicts (a,) for the spheroid shown in 9,, circling steadily at 40 L .
feet persecond. The theoretical dots closely agreeing with it are from Jones, Reference 3, as is ol
also the experimental graph. Beside them is a second theoretical graph plotted from Doctor _ i
Munk’s approximate formula derived in Reference 8 and given in the next paragraph. But ' o
that Professor Jones omitted some minor terms in his value of p, his theoretical P/.55Q? should U
e\actly equal (a;). His formula, derived by use of Kelvin’s p,/p=¢—¢%/2, can best be studled
in the detailed treatment of Reference 8.
In Reference 8 Professor Ames derives Munk’s &]I'bhlp hull formula . S

P 2d
50Q" sm._ag's Rdz(xs)’ : —

t This part was added after Parts L, IT, IV, V were typed; hence the speclal numbering of the sqnations.

427 o
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S being the area of a cross-section; R the radius of the path of the ship’s center. This was
assumed valid for a quite longish solid of revolution; for a short one it was hypothetically
changed to

P s, k. d
o (eo—e)sin 2a T+ 25 L @)oo (b)
Applying this to a prolate spheroid we derive the working formula
Ry S T L A—— (by)

where the constants for a fixed angle of attack are?

L=20,—k) 0 rsin2a, M=3%.2 P cosa, N=Fp 2 cos e
8 talgr ! ‘2 R ! R

Plotting (by) for the conditions in 9; gives the dotted curve in 9,. It shows large values
of P/.50Q? for the ends of the spheroid, where (a:) gives zero. To that extent it fails, though
with little consequent error in the zonal force and moment at the hull extremities. It has the
merit of being convement and apphcable to any round hull whose equauon may be unknown
or difficult to. use. e

ZonaL ForcE—An end segment of the prolate spher01d say beyond the secnon e=a,
bears the resultant cross pressure -

which with the resisting shear at x; must balance the cross-hull acceleration force on the seg-
ment in yawing flight. For the whole model (bl) with (c) gives ¥'=0, which is not strictly
true for curvilinear motion; but (a,) with (¢) gives ‘the correct theoretmal value of Y, and
agrees with (67). :

In Figure 95 graphs of Y/.5pQ% for the values (a;) and (bl) of P, are shown beside those
derived from Jones’ experimental pressure curve. Since Y is proportlonal to the area of a
segment of the graph of P, it can be found by planimetering the segment or by integrating Pdw.

ZonaL Moment.—The loading P exerts on any end segment, say of length a—, the
moment about its base diameter z _

- f 'Y d
z

which can be found by planimetering the graph of ¥. Figure 9, delineates N, so derived from
the three graphs of Y. They show the moment on the right hand segment varying in length
from 0 to—2a; also on the left segment of length from 0 to 2a.” The resisting moment of the
cross section must balance N, and the acceleration momentof the segment.

CorrectioN Facrors.—No attempt is here made to deduce theoretically & correction
factor to reconcile the computed and measured p. In Reference 3 Jones shows that the theo-
retical and experimental graphs of P/.5pQ® have, for any given latitude %, >a/2, the same
difference of ordinate whatever the incidence 0<<a<20°. Thus the ordinate difference found
for the zero-incidence graphs, when applied to the theoretical graph for any fixed 0<a<20°,
determines the experimental one with good accuracy. Such established agreement in loading
favorably affects, in turn, the graphs of ¥, N, the transverse force and moment on any end
segment of the spheroid.

{From the meridlan curve —+7b°:=-1: ‘%‘-—ﬁ =3 S=xyot; henee —s-zﬂfo %%'--—2: ¥ r, which pat in (b) leads to (bz)
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PART IV
RESULTANT FORCE AND MOMENT

Bopy ixn Free Space—Let a homogeneous ellipsoid of semiaxes a, &, ¢ move freely with
component velocities u, v, w, p, ¢, ! respectively along and about instantaneous fixed space
axes, ¥, 2 coinciding at the instent with @, b, ¢. Then the linear and angular momenta referred
toz, 4, 2 are

mau My myw A;p Big 1 (52)

m; being the body’s mass, 4, B:, €} its moments of inertia about a, b, ¢. If, now, forces X;,
Y., Z, and moments L, M, N, are applied to the body along and about z, g, 2, they cause in
the vectors (52) the well-known change rates

m(L—ro+qw)=X, -A-li’—(-Bl_Ol)gT=L1
mi(d—pw+ru)=Y; By—(Ci—A)rp=M, } .____. ———————— (63)
my(b—qu+po) =2, Cif— (4,— By)pg= N,

which apply to any homogeneous solid symmetrical about the planes ab, be, ca.
For motion in the ab plane; viz, for w, p, g=0; (53) give

Xl=m1('ll—rv) Y1=m1(2'7+m) N1=017.'_ _______________ (54)

and for uniform revolution about an axis parallel to 2, as in Figure 11, viz, for %, 3, #=0, (54)

become
X[=_‘m17‘27 Y1=m17'u N1=0 ______________________ (55)

where now X,, Y; are merely components of the centripetal force m,r+u*+¢*, whose slope is

Y/ Xi=—ufv. Alsoif @=+/u'+#*is the path velocity of the body’s centroid, & its path radius,
r=@/h is the angular velocity of & and of vector m.@.

REeacrions or Fruip.—If external forces impel the ellipsoid from rest in a quiescent fric-
tionless infinite liquid, with said velocities u, #, w, D, ¢, r, they beget in the fluid the corresponding
linear and angular momenta

komu kymy kmw .Ap k' »Bg EOre . (56)

where m is the mass of the displaced fiuid, and A, B, O its moments of inertia about q, b, ¢.

One calls &,m, kym, k;m the “apparent additional masses’; &’ A, k' B, &’ .0 the “apparent
additional moments of inertia,” of the body for its axial directions; because the fluid’s resistance
to its linear and angular acceleration gives the appearance of such added inertia in the body.
The six ¥’s are called “inertia coefficients,” and are shape constants. Values of them are
given in Tables ITI, VI, VIII for various simple quadries.

The component flow momenta (56), like (52), are vectors along the instantaneous directions
of a, b, ¢; viz, elongz, 9, 2; hence their time rdtes of change must equal the forces and moments
which the body exerts on the fluid; viz,

X =mEa—kyro+Ekgw) L=k Ap— &' ,B—F .Chgr— (ky—kymow
Y=mEp—kpw+kyu) M=k Bi—F  O—F Ayrp— (ks—kdmwu } -___(57)
Z=mk—Fkqu+kypr) N=F.Cr—{' A—F B)pg— (ka—Fks)mup

1 These new meanings of , #, w, p, ¢, r &re assigned for conventfon's sake and for convenience.

429
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all written from (53) on replacing its momenta by those of (56), and adding vector-shift terms.
Thus the vector kmw shifts with speed » entailing the change rate kmw.» of angular momentum
about «, while kymo shifts with speed w entailing the opposite rate—k,mp.w. Their sum is
(k.—k,)myw. Permuting these gives for the y, 2 axes (ka—kymwu, (k;—kz)muv. When the
%’s are equal the vector-shift terms vanish, as for said free body, or for a sphere, cube, ete., in a
fluid. The fluid reactions are (57) reversed. (57) apply also to fluid inside the trisymmetrical
surface. - - - :

If the angle of attack is e=tan~'v/u, we may write in (§3), (57)

r=Q/h u=¢ cos a =@ sin « u-v=,l,Q2 st 2. oo e -(58)

—————————————— mu.r

—my.r X"/a mu
/
/

FioURE 11.—Moments and forces for free body in uniform elréular motion. Centripetal force, Ri=mQr=
m@Qih, has slope —u/p, r being angular speed abouf 0

Of special aeronautic interest sre (57) for plane motion, such as in yawing airship flight.
for which w, p, ¢=0, giving

X=mai—kys) Ye=mled+hou)  N=k Cr+ Fp—kadmuo . oo (59)
Thus for uniform civcular flight
X=—Fkymro Y=k mru N=@,—Fkamuy_ - ... _______(60)
which are the analogues of (55) for the free body. Or in notation (58)
; kyr o kot o _ p@? . l
== pQ? sin. « Y_=prQ cosa .. N= (k,,—k.,)r—g-sm Y S (61)

7 being the volume of the model.
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As shown in Figure 12 (60) give the resultant force and slope

R =mr{FEE T E s Y/X= —%: ot a=—c0t B oo (62)

also R and N at the origin are equivalent to a parallel force B through the path center 0, along
a line (called the central axis of the force system) whose arm and intercepts are

1= N/R=h sin (B—a)

z=[secf y=lcosec B _____ (63)

/

FIGURE 12,—Momenta and forces for symmetrical body in uniform cireular motion through frictionless infinite
liquid otherwise at rest. Whale hydrodynamic force, R=mr vk ul-tkst &, has slope —ks uffs 5. Yaw

moment N=(ks—ks) mus=(ks—Eks) rp—g-,stnzc,rbe'ing volume

For steady motion (60) show that the body sustains no force in pure translation (r=0);
no force nor moment in pure rotation (u, v=0); no moment in revolution about a point on
x ory; viz, foru=0, or =0. For given u, v the moment is the same for revolution as for pure
translation. The forces result from combined translation and rotation; the moment from
translation oblique to the axes a, b, irrespective of rotational speed.

CouBiNaTION OF APPLIED ForcEs.—To find the whole applied force constraining a body
to uniform circular motion in & perfect fluid (55), (60) may be added, or graphs like those of
Figures 11, 12, may be superposed. For an airship having m; =m, (55), (60) give

X=—(+Ek)mer Y =(1+k)mur

1 Writing R=rQ.m k2 costa-Fs? sin'z we may call It the centripetal force of the apparent mass m+/E. costatha? Sinc for the body ditec-
tion of Q. .

*

N=(o—Fk)muo-__ . _____ (64)

[ —— e



432 " REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

where X=X+ X, etc. Figure 13, compounded of Figures 11, 12, shows that a submerged
plane-force model, revolving uniformly about its path center, may have as sole constraint a
single force R through that center, and outside itself; that is attached to an extension of the
model. Such conditions appear commonly in vector dlagrams ‘of aircraft. The line of R, so
defined, is the central axis of the force system. '

HyproxiNETICALLY SyMMETRIC ForMs.—Equations (56), (57), for trisymmetrical shapes,
apply also to others having hydrokinetic symmetry. “Examples of these are: All surfaces of .
revolution, axially symmetric surfaces whose cross sections are regular polygons; torpedo forms
symmetrically finned, etc. All these figures, as has been known many decades,® have three
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F1GURE 13.—Composition of forces on symmetrical body in uniform clrcular motion through frictfonless infinlte liquid
otherwise at rest. Resultant of centripetal and hydrodyramic forces, Ra=mr FJOFE) wiS(@FF)T &, hes slope

ke u
“h + Figure 13 is 11 and 12 compounded

orthogonal axes with ongm at the body’s impulse center,* such that if the body, resting in &
quiet sea of perfect fluid, is impelled along or about either axis it begets in the fluid s lmear
or angular momentum expressible by a vector along that axis.

ExamprEs—We may apply (60) to some s:mp]e cases mterestmg to the aeronautlcal,
engineer.

(1)} For an endless e]hptlc eylmder in um.form ya,wmg flight, as in Flgure 12 m=rpab per
unit length, and by comparison with Table VIII k,=b/a, k,=a/b; hence by (60)

% See Reference 7.
+ 1. a., the polnt of intersection of kem U, famV, kamW; it may be found as In the last paragraph of Part V.
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= — xaZpry Y =xbtpru N=x{a®—b)pur==(a®— b’)pQ
The resultant force mpr+/a%®+b*u® has the slope —b%/a’s= —Db¥al.cot a; the central axis is
through the path center; X is the same as for a round cylinder of radius ¢; ¥ the same as for
one of radius 5. For a good elliptic aireraft strut a/b=3; hence X/¥Y=—9p/fu=—9 tan «;

2
N =81rb’pu-u=81rb’.——.sin 2a. By (65) N is the same for all confocal elliptic cy}jnders, since

—b% is so.

If a=0, as for a round strut, ¥=0, BR=7xa®r@? and coincides with the body’s previously
found centnpetal force to which it bears the ratio m/m;.

If 5=0, as for a flat plate, (65) become

2
= —xapry Y=0 N=xa’puv= n-asz sin 2a_ __ _____._. (66)*

The equivalent resultant force wa’pry, with slope ¥/X = —0, runs through the path center
parallel to . If r=0, the plate has pure translation, with forces X, ¥ =0, and moment
N= ra’p'uv, & well known result. X in (66), being the same as in
(65}, is independent of the strut thickness .

(2) For a prolate spheroid, of semiaxes a, b, b, in uniform
yawing flight, m=4/3.xpab?, and k., k, are as given in Table ITI.
Thus for a/b=4, k., k;=0.082, 0.860; hence by (60) |

X =—3.6ab*ry ¥ =0.3434ab*ru N=3.26ablpuv_(67)
(3) For an elliptic disk of semiaxes @, b, ¢, moving as in Fig-
ure 14, Table VILI gives kan="2rpab*/E; hence by (57) the forces

and moment are

Y=—-kmpw= —4—0' .rpb’.pw Z=0
Ficure 14—Thin elliptic wing moving par-
L=kem. W—3—E,.7rpb DWW (88) . sl o s plazs of eyamaty g

the other pertinent terms in (57) vanishing, as appears on numerical substitution. Here

2
E= E(a%) sin®0= (¢~ B7)/a*; also L=5xb2. sin 2a. Compare (68) with (66), calling b the
width in both.

Treory VErsus ExPERiMENT.—In favorable ceses the moment formulas of Part IV
accord fairly well with experiment, as the following instances show. For lack of available data
the force formulas for curvilinear motion are not compared with experiment.

(1) By (85) an endless elliptic strut with a=1/3 foot, 6=1/12 foot, ¢=5 feet, held at
degrees incidence in a uniform stream of standard air et 40 miles an hour, for which pQ%*/2=
4.093 pounds per square foot, sustains the yawing moment per foot length

N=x(a*-bt% ‘%sm 2a=1.3392 sin 2« lb. I ______________ (69)

This compares with the values found in the Navy 8 by 8 foot tunnel, as shown in Table IX
faired from Figure 15. The agreement is approximate for small angles of attack. The model
was of varnished mahogany, and during test was held with its long axis ¢ level across stream,
and with two closely adjacent sheet metal end plates, 2 feet square, to give the effect of plane
flow.

1 Equations (68} wera published !n Reference 5 as the resnlt of s special research to determine the fluld forces and moment on s revolving plats
In the present text they follow as corolleries from more general formulas.
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(2) By (66) an endless thin flat plate of width 2a=5/12 feet, similarly held in the same
air stream, has per unit length the moment

F=ratf&

This is compared in Table X and F1gu.re 16 with the values found in the Navy 8 by 8 foot
tunnel. The flat plate was of polished sheet aluminum 3/32 inch thick, with half round edges -
front and rear.

Again for an endless flat steel plate 5.95 inches wide by 0.178 inch thick at the center, with
its front face flat and back face V-tapered to sharp edges, Fage and Johansen, Reference 6,

K X Theoreﬁcak’ /. N . .
L ) .16 S
g / 5 A
:' \ ,/' : e /”I\Ic x Theoretical
& Nyl N >/ /
"'3- 7\\ L—'/E 'KE' ¥d
g -8 VSN
Y 0 ’
X ¢ / ¥ 7N
Stz -gfos ff N
S ) /ﬁ\Ex erimental T\ )
wr 3|06 % ° \
% ) L : % / -
g—_ { f Expearimarital ) g .04, _
3 3
T T ) 3 - ¥ T [ L B ] L 1N ¥ T - I. T ¥ ] [ ] T
~8° -6° ~4* -2° 2° 4° 6° 8° . -8° -6 4 -2 2° 47 B 8° 10° 127 j4° (6* /8°
Angle of L .l.ottack, & o L-02 . Angle of -aftock, e '

/ S | . | . // L-06

Lt S F-t6

FigURE 15.—Theoretical and experlmental moment FIoURE 16.—Theorectical and experimental moment about long axis of endless
about long axis of endless elliptic oylinder. Width ‘ractangular plate. 'Width 5 inches, sfr 3peed 40 miles per hour. Correction

8 inches, thickness 2 inches, air speed 40 miles per - factor x=0.800
hour. Correction factor «m=0.612

found, at 50 feet per second and 5.85° angle of attack, N=0.125 pound foot as the moment
per foot run about the long axis, computed from the measured pressure over the median section.

By (66), a thin flat plate would have _ — _
N=nra*. p—Q-E - sin 2¢=0.1931X2.9725 X 0.2028 =0.116 lb. ft.

which is 7 per cent less than 0.125 found with their slightly cambered plate.
(8) An elliptic disk 3/32 inch thick with a, =15, 2.5 inches, when held as a wing in the
Navy 40-mile-an-hour str eam, had the moment- L, versu,s angle of attack o shown in F1gure 17

and Table XI._ For this case
sin®f = (a*—b?)/a®=875/900, §=80°—=%4/, ~ E=1.03758.

Also in (68) a=>5/4 feet, b=5/24 feet, Q*=4.093; hence

‘;g’, bt - &-sin 20:=0.8963 sin 2 1b. Tt oo @)
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which gives the theoretical values in Figure 17 and Table XI. The agreement is fair
at small incidences. The disk as tested was of sheet aluminum cut square at the
edges without any rounding or sherpening. -

(4) For a wooden prolatespheroid -.20 /

24 inches long by 6 inches thick, i 3/ 2 )
carried as in Figure 12 round a circle 18 5§/ [Tk x Theoretical
of radius £ =27.96 feet to the model’s . _ L5 &1\
center, Jones, Reference 3, found at 4 g / \
40 feet per second the values of N £ j Y
listed in Table XII. For this case gf./2 / \\
Table IIT gives Tca k,=0.778, and S[ o ) o
(61) gives o _ E 10 /4—-5<pel‘lman1‘a[ \\o/‘_\"‘
N= 0@ . _ . g'ﬂa f( -

= (ky—ke)T* > -sin 2a=0.388 sin 2a. s .
These values appear from Table XII i
not te accord closely with the experi-
mental ones. 02

CorrEcTION FACTORS. —Flgurea

15, 16, 17 poriray experimental ._ge —go g —2- 20 40 6 8° 10° /20 140 & 18 20°
moments, at small angles, as accu- =02 ‘Angle of atfack, o
rately equal to the theoretical times - 04
an empirical correction factor =x.
Thus amended (61) gives for the 7 --06
experimental moment 9 / P

N,=xN=x(r—Eo)r - 2L - sin 2a. // 0
For the given elliptical ecylinder ! -—/2
x=0912 with —8°<Ca<6% for /
the endless plate x=0.860 with /i Pt

—6°<a<6° for the elliptic disk S L6
x=0.887 with —5°<Ca<{4°. Insach « /
cases one should expect to find the ' 8
actual air pressure nearly equal to -—20

the theoretical over the model’s Ficerr 17.—Theoretical and experimental moment about long axis of elliptic disk.

forward part, but so deficient along FLength&wso inches, width 5 Inches, air speed 40 mifles per hour. Cotrection factor

the rear upper surface as to cause a

defect of resultant moment. No effort is made here to estiraate it theoreticelly, nor to de-

termine it empirically for a wide range of conditions.
The measurements shown in Table X, for the flat plate, were repeated at 50 and 60 nulea
an hour without perceptible scale effect.
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PART V

POTENTIAL COEFFICIENTS, INERTIA COEFFICIENTS

Grern’s InteGRALS.—The foregoing text employs Green’s well-known integrals, which
for the ellipsoid ebc may be symbolized thus:

= dA = _dx ®
wmthe [ gy bmabe [Ty rmabef i 2

where o’ =+/a®+ A, b’ =+/BP ¥, ete., are semiaxes of the confocal ellipsoid a’d’¢’. The integrals
have the followmg values, Reference 4:

a=A® - )F (@, o) —E(8, o)]

2__ 2_ A2 4
3=A(c=—a2)[bz_“2F<e, 0) +‘%—#—E(ﬂ, o (73):

v =A@ NE=F -5, )]

where

2abe — b2 . al—c?
sin?f=

A=(a2—bz)(b2+c2)1/az_cz z —-c’ m2¢=m--___-__;__;

and the elliptic integrals are : _
F@, )=/ (1—sin’0 sin’p)#dp  E(6, ¢)= (1 —sin’d sin’p)%de_ - _ ... (75)

Numerical values of F(8, ¢), E@®, ¢), o, 8, v are givenr in Tables I, IT for A=0 and various
ratios a/b, b/c; viz, for various shapes of the ellipsoid abe. For ¢==/2 one writes F(§, ¢)= K,
E(6, ¢)=E, by convention.

Porential. Corrricients.—For motion (49) the ellipsoid abe has the potential coefficients
known from textbooks.

- Glr—6) _b’----c2
N
: H
m"=2fﬁo M o= o~ (a—ns) (?aoﬂj where H= 2+Zz .............. (76)
=Y o ' I8 a) =
ey, m o= Z—Ii@;—*—)—where =% _’+b’

Ma, My, M, being for.jra.nsla,tion along a, b, ¢ and m’,, m’,, m’, for rotation about them, and
an, Boy Yo bemg (73) for A\=0; viz, fora’, b, ¢'=a; b, ¢. Surface values of (76), viz, for a, 8, v=
ag, Bo, ¥ aTe g1ven in Tables II1, IV. For ﬂmd msule the ellipsoid the potentml coefﬁcmnts are
as in (40) and given numencally in Table V. ; '

InerTIA CoEFFICIENTS.—From (76) are derived the conventional linear and anguler inertia

coefficients _
ko, by, ke=1m4, My, M, B oy by B e=Gm/ oy Hm p, Im o ____ 77

for the ellipsoid moving through or containing 11qu1d as m (40), (49) Surface values are
given in Tables ITI, VI, VII. _ ﬁ

1 (73) satlsfy the known relation a-84-y=2sbe/a’t’c’, 23 appears on adding.
436
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Liurrine ConpiTions.—In some limiting cases, as for ¢=0, or a =5, etc., (73) may become
indeterminate and require evaluation, as in Reference 4. In such cases the formulas in Table
VIII mey be used. For ¢=0, entailing zero mass and infinite %, &4, k’;, ofle may use in (57)
the values of &.m, k's4, ¥’ ,B given at the bottom of Table VIIL.

Prysicar Muanive oF Tee Corrricients.—The tabulated potential coefficients, put in
(40) or (49), serve to find the numerical velue of the potential o, or impulse — pe per unit area,
at any point (z, 9, 2) of an ellipsoid surface.? Integration of pp over any surface, as explained
for p in Part I, gives the component linear and angular zonal impulses. So, too, integration of
— peqaf2, where g, is the normal surface velocity at (z, ¥, 2), gives the kinetic energy imparted
to the fluid; and integration of the impulsive pressure — pdy/d¢ gives the impulsive zonal
forces and moments. One finds pdy/0t for (40), (49) by using with them the specified density
p, accelerations U, ¥, W, 9, G, ., and tabulated potential coefficients for the given semiaxes
a, b, ec.

Thus putting —pe., —pe’: for p in (9), (10;), and integrating over the whole ellipsoid
surface, easily gives the fluid’s linear and angular momenta

kemW Q. (78)

where m W, (9, are respectively the linear and angular momenta of the displaced fluid moving
as a solid with velocities ¥, .. The like surface integration of — pp.g./2 gives, as is well known,

kem W22 F.OR42 (79)

where m W?/2, 0Q*./2 are the kinetic energies of the displaced fluid so moving. Each inertia
coefficient therefore is s ratio of the body’s apparent inertia, due to the field fiuid, to the like
inertia of the displaced fluid moving as a solid.

By (49) the potential coefficients due to velocities W, Q. are

m,=—gf Wz m’ .= —o SRy

The first is the ratio of the outer and inner surface potentials due to W at any point z on the
ellipsoid abe; the second is the ratio of the potentials due to @, at (z, y), respectively on the
outer surface of that ellipsoid and inside the cylinder of semiaxes =, b, .

One notes that the momenta (78) times half the velocities glve (79), slso that the time
derivatives of (78) are the force and moment Z, N=kmTT, /.08, as in (57) for the simple
z-wise motions, T, Q. _

For any exial surface, say of torpedo form, moving as in Figure 12, the ratio —%’.09./k,m ¥
is the distance from the a.rbitrary origin 0; to the impulse center 0s, or center of virtual mass.
This may be taken as ongm, and if the body’s center of mass also is there Figures 11, 12 can
still be superposed as in Figure 13. In the same way are related the acceleration force and
moment k,mV, k.08, thus illustrating the doctrine that the motion of a hydrokinetically sym-
metric form in a boundless perfect fluid, without circulation, obeys the ordinary dynamic
equations for a rigid body.

AERODYNAMICAL LABORATORY," .
Bureavu or ConstrUcTION AND REPAIR, U. S. Navy;
WasmmvgToxn, D. C., December 17, 1928.

1This impulse {s imparted by the moving surface to the Auid, otherwise still; the fintd in tarn tends to impart to the body the impulss pe
per unit ares at (z, 7, 1).
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CHIEF SYMBOLS USED IN THE TEXT

GEOMETRICAL
a By € e ‘Semiaxes of ellipsoid abe.
a, b, ¢ . Semiaxes of confocal ellipsoid a’b’c’. _
€ € o Eccentricities of ellipse ab and its confocal a’ b ae=a'e’ =o' —b
n; Ry, he- oo~ ..._.. Normal to ellipse ab; distances from origin to normal and tangent.
Lamy B Direotion cosipes of norma,l n to any surface.
8 8y Bumom m e - Length along any line; lengths along meridian and circle of latitude.
R T S, Cartesian coordinates; also coordinate axes.
?,8, e e eeve———- Polar coordinates of prolate spheroid abc.
N J Eccentrie angle of ab, inclination to z of normal to ab.
EINEMATICAL
Uy Uy Weoom e Component velocities of fluid parallel to z, y, z axes.
Gty Qnommmmemmm e Component velocities of fluid parallel to tangent and normal.
Qor Qemmmmmmeememee Regultant velocity of fiuid before and after disturbance.
Uy Uy Wem o mcmmee | Component translation velocities of abc parallel to a, b, ¢
UV, Weeeee 2 Component translation velocities of abc parallel to a, b, ¢ . .
2 N O Component rotation velocities of abe about @, b, ¢ - Alternative symbols.
Doy Uy Voo meme e _Component rotation velocities of abe sbout a, b, c______
R S Velocity potential, stream function. -
Miny ™y g P --- Potential coefficients for abe with velocitiegy, v, wor U, V, W.
gy My M. Potential coefficients for gbe \nth velocltlea P gTor ﬂ,, n,,, Qe
Q=+TFL V31 W2__ Resultant velocity of abe. . '
DYNAMICAL
Ay By, Creee_ Moments of inertis of rigid body about its axes g, b, c.
A, B Co - _Moments of inertia of displaced fluid moving as & solid.
My Moo ___.-____..Ma.ss of body, mass of displaced fluid.
Py Tome e mmmmrmreem Density of fiuid, volume of maqdel or displaced fluid.
Dy Pameoommmmmeeem Pressure of fluid_moving, pressure on coming to rest.
X., Y, Zi; Ri-.-.-. Component forces applied to free rigid body; resultant force.
X,Y,Z; R__...... Component forces exerted by body on fluid; resultant force.
Ly My, Niaooo___: : Component moments about a, b, ¢ applied to rigid body.
L M, N_ .. Component moments about a, b, ¢ exerted by body on fluid. .
Koy Boy Boee e Inertia coefficionts for abe moying parallel to a, b, ¢ in fluid.
Ko Koy B ee e _Inertia coefficients for abe rotating about a, b, ¢ in fluid.
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TABLE I . . R .' _' -

ELLIPTIC INTEGRALS F(g, o), E(8, o)1
[Defined In eq. (75), Part V1]

bfe
[ 2
aje ] -
‘ 1 2 3 4 L 1 7 I 8 g 10 [
F@, ¢

1 0. 00000

2 1.81806 L 04720 g -

3 L 76308 1. 43870 L 23095

4 2. 00412 L 71374 148309 L31814

& 2. 29319 L 92708 1. 68471 L 50687 L 36040

(] 2.47903 2.10413 1 85188 L. 66560 L 52053 1L 40332

7 2, 2, 25400 1. 99520 L 80281 1. 65204 L 52050 L 42745

8 2. 7104 2, 38432 2. 12075 192379 1. 76856 L 64194 L 53595 L 44550

] 2. 80035 2.49071 2 23365 2 03181 1.87318 L 74821 L 63405 1 54085 L 45948

10 2. 30638 2. 60258 2.33308 2, 12855 1. 98504 1893534 L 72357 L 62788 L 54418 L £063

@ « « @ @ @ @ @ ™ @ -«

E@, ¢)

1 0. 00000 .

2 . 56603 104720

3 . H277 L7024 1.23085

4 . 96822 L 06091 L 18103 131814

5 97075 L 03010 114337 L 25128 1. 36940
i [i] . 98507 L (4146 111604 120204 1. 20996 L.40832
; 7 . 98072 103472 1. 09589 L 18833 L.24893 1.33574 L 42745
|| ] « 90214 L2386 L 08071 L 14185 L 21035 1 28451 136317 | L44550 :
. '] 90378 L.02529 } 1. 08564 112136 118040 1, 24464 L 31304 L 38483 L 45048

10 . 80498 L0215 | 105068 L 10516 1, 15669 L 21267 1. 27310 1. 38642 L 40240 L 47063

@ 1. 00000 1. 00000 |_ 100000 1. 00000 1. 00000 1. 00000 L 00000 L 00000 1. 00000 1. 00000 i

1 The integrals in this table ars culled from L. Potin’s Formules et Tables Numerique.

TABLE IT

GREEN’S INTEGRATLS aq, fu, 7e
[Defined in eq. (73), Part VI-

ble
-
aje 1 2 3 4 5 - 6 7 g8 .| 9 10 -
= -
| : ;
1 0.86687 | . -
2 . 34713 0.47250
3 . 21751 .81265 | 0.36480
4 . 24T | 26820 0. 20636 i
5 JAun | L1706 20719 .231%9 0.24951 H i
6 . 086527 13471 . 16584 . 18769 R 0. 21541 } -
7 . 069266 13629 . 15541 7 . 18050 0.13950 |
8§ 066804 | .091037 11435 . 13125 14496 15440 16252 | 01604
¢ L047710 | Q7071 . 097571 L1278 12448 . 13378 J14132 | 14767 0. 15271
16 . 040637 . 066203 . 1 . 097957 . 10572 11728 12428 . 13010 . 13500 0.13920
« 0 l [ g 0 0 0 d 0 o
L. B
By
3 0. 68667 ! - f
2 .&2643 | 0.47280
F3 .89127 . 53433 0. 38460 '
4 a5 | 56964 . 30662 0. 20636
5 cpaais | lmus2 41804 . 81587 0. 24051 .
6 95678 1 L6063 43307 . 32085 . 26265 0. 21541
7 . 96538 61775 JAHI13 . T2 2477 0. 15030
8 JOTISL ; .623TT . 45260 .34912 38071 28234 -1965¢ 0.16014 |
9 97618 . 63184 45913 . 35569 L28700 |, 23847 2087 . 17458 615271 !
10 972 - L6385 46437 .36100 L2023 . 24364 . 20725 . 17eeT JETIS ) 0.13920
- 100000 i . 68667 . . .amsi 2B « 25000 22222 .zmooo,l . 18182
e ™
1 0. 66687 {
2 L82643 | 105440
3 .89127 . LImI2 127078
4 L0259 | L 20572 L.33518 140726
5 L4418 1 W762 L 37478 145223 1. 50088
6 . 95878 1. 25836 140110 1. 48257 1. 53401 1. 56918
7 . 96538 1. 27273 141956 1. 50377 1. 65764 1. 62100 .
8 G715 143306 1. 51953 1. 57504 1. 61825 1.64001 186172
9 L9618 ’ 1.20103 144320 1. 53164 1. 568844 162776 1. 65630 1L 67784 1. 69457
10 97072 1. 29720 L 45125 153094 1. 29895 163017 1. 66815 1. 69062 1 70787 1.72160
@ 100000 , 1.33333 1. 50000 1. 60000 1. 65687 171429 1. 75000 177738 1. 80000 181818 (2. 00C00
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TABLE III ... S
POTENTIAL COEFFICIENTS m, m, m.* FOR ELLIPSOIDS IN TRANSLATION

(For outer surface o'f abc)
[Defined in eq. (76)]

bfe

afe i 2 {‘ H ) 5 s .| 7 8 9 10 @
e

- e
1 0. 5000 _ , .
H o | s | omm = 3
. . . o ’

4 Gaex | o1w8 1540 | o1mo : : -

5 o6 | g |1 L1313 | 0.1425

8 .odsa2 | Tloaoaz | l1038 .ua8 | 0.1307

1 03688 urp | comis | o 2 | 00888 [ 0.1047

8 A .06064 | .07029 | Clo777A | .08368 | .08846 | 0.092:8

9 0244 (04008 | .08120 | .05078 | .0687 | .07180 | .07608 ] 0. 08267

10 02074 | 423 | o460 | 0515 | 0578 | 06220 | .06628 | . .07238 | 0.07481

® 0 0 0 0 10 0 0 0 0 l
L T ' o ‘— B i
™

1 0.5000 _ : :

3 .7042 | 0.3008 S . .

3 <8080 R 2329 :

4 .8%08 | - .3gE3 2474 | o1m0 ot

5 843 ‘4203 -2843 187 0.1425

6 o171 4387 2764 L1974 L1812 1 el

7 -9331 - 4489 .2865 | . : 1266 | 0.1047

8 L9447 4554 <2025 .2118 1 L1814 .1000 | o002

8 ~9s38 e 1] ‘2080° 2163 ‘1676 Gmge | (nse | Comses | o.osoe7

10 . - L0 “3024 . 712 . (156 | .00846 | .08%28 | 0.07481

@ 10000 - 5000 1 +2500 2000 1667 420 | L1500 | LIn | 10000 0
e

1 05000 o .

2 7042 | Lus L o B I

3 8030 | L3z |\ LM3 _ =

¢ 8698 [ LEI8 | 2008 2.874 :

5 848 | Lem | 2190 2 651 8.008

6 JI7L | Lesr - X33 286 | 3202 | .3.64 :

7 east | L7s0 L6 | 3030 350 | ‘3.3 4277 ;

8 47 | Lo Ze2s | 318 8708 | 4171 4E70 | 402

9 jasas | Lsm ! A 8.260. | "&s8e0 | 4373 4810 | 5208 5 648 .

10 603 | Lae | . 2eds | | 337 1ie7° | L5 502 | 5485 5846 6.18¢

N 10000 | 2O, 3.000. | " 4000 5.000 6.000 | 7.000 | 8000 9.000 | 10.000 w

* These have the same values as the inertia coeficlents k., ks, k..
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TABLE IV
POTENTIAL COEFFICIENTS m’,, m’;, m’, FOR ELLIPSOIDS IN ROTATION
. (For outer surface of ¢ b ¢)
[Defined In eq. (76)]

441

bfc

i
afc ! 1 2 3 4 5 6 T 8 9 10 -
|
i .
| ™e
T
1 I 0
2 i 0 0. 5643
3 0 .63%0 1.045
4 0 6763 1135 Lﬁ '
5 0 6939 1100 1 . 1948
s | o .23 1225 1663 | 2042 2.380
7 0 .71l 1249 L705 | 2113 2.481 2.813
8 booa L7270 1266 L7388 . 2165 2, 556 2,915 3. 245
e 0 7315 1.278 L1762 | 2205 2615 2995 3.348 3675
10 0 .48 1288 1780 ; 235 2.660 2058 3.450 3778 4.108
@ ! a mu[ 1.333 1875 i 2.400 2917 3.42% 3.637 4448 | 4.950 L
! ms
1 0 : :
2 —0.3090 | —0.5643 -
3 —5819 | —gs3 | —Lo4s '
4 —.6888 ; —L104 | —1.340 —L499 .
5 —.7381 . —L284 | —LB&88 —1800 | —L43
6 —. 8058 , -L34 [ -—L780 —2.052 —~2.243 —2.380
7 —.802 ; —L476 | -LG35 —2.26¢ —2.504 —2 680 —2.813
g —. 8659 . —L548 | —2.062 —g 445 —2.732 —2.948 -3 14 —3. M5
¢ - ! —Lew [ —2168 —32.600 —2.031 —3.188 —3.888 —3.547 —3.675
10 — %3 ;| —L65¢ | —2.257 —2 734 —3.107 —3.402 —3.637 —2.8%5 —3.0:8 —4, 103
@ —L0000 | —2000 | —3.000 —4. 000 f—a.ooo —8.000 ~T. 000 —8.000 —9.000 |—10.000 —
m'e
1 T o
2 0. 3990 0 B _
3 . 5819 0.1556 [\
4 . 6883 . 0.08332 0
5 L7581 . 2069 L1850 0.05193
6 . 8058 3350 1719 . G8705 0. 03549 ¢
7 802 .3627 81 LI . 06127 002569 0
8 8659 . 3838 L2181 | L1330 . 08081 . 04520 0. 01951 o X
9 8857 . 3998 2336 | (148 . 09610 . 06058 . 03488 0.01527 0 !
10 . 9013 4127 L2480 ., (1608 L1084 07291 04721 02770 eI 0 :
o £ 0000 . 5000 .3833 i . L3000 . . . 12500 JHUL 3 0.10000 ¢

104397—30——29
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TABLE V

POTENTIAL COEFFICIENTS m’;, m'y, m . FOR ELLIPSOIDS IN ROTATION

(For all pointa inside of ¢ & ¢)
[Deflned in eq. (40))

be .
aje 1 2° T8 4 5 6" 7 8 9 10 @
m,‘-Gf_._
Otow | O 0.60000 | 0.80000 | 0.88235° '_6.9230_8': 0. 9455 aoeooo_{ 0.06923 | 0.97561 | 0.9%020 |L0CO0O
ik
1 Y e
2 —0.60000 :
3 —. 80000
4 —. 88295
5 —. 92303
[} —, 04505 i}Same for all values of bjc
7 —. 98000
3 — 00823
9 —. 97561
10 —. 98020
i —1.00000 ..
me=I_
1 0 ) CEE \ )
2 0.60000 | © =1
3 80000 | o382 | o0
‘ - 88235 60000 | 0.28000 | © B
5 - 62308 “T2AL4 4089 | o.2te81 ! o .
8 ~94505 SO0 +60000 38482 | 018088 | 0
7 - 96000 84906 68068 - 5078 .32482 | 0.1524 | 0 .
8 - 96923 75842 - Sono c43820 | 25000 ] 08214 | o
2 . 97561 90588 -80000 | .67010 52830 . Bab1s | o | 0
1 $ 98020 - 9308 - 83486 L2414 160000 | . 33 | .omiesr | o047 | 0
P 100000 | 100000 | 100000 | 100000 | 100000 | 16000 | 100000 L0000 | 100000 | ooee
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TABLE VI S
INERTIA COEFFICIENTS! ¥, ¥3, /. FOR ELLIPSOIDS IN ROTATION R
(For outer surface of ¢ b ¢) v R

[Defined in eq. (77)] -

e ) .
afc 1 2 3 4 5 [ 7 8 ] 10 @
- Ka=Qm'e
1 0
2 0 0.3386
3 ] . 3834 (. 8359
4 ()] . 4081 . 9081 L1323
5 i} 4194 . 9519 1.408 1.793 .
-] 0 4275 1468 1. 885 2251
7 Q . 4328 . 9095 L 505 L 950 2.347 2. 701
8 [ . 4362 L013 L5383 1999 2.418 2798 3.145
9 0 . 4389 L023 L 565 2,035 2.473 2.875 3. M5 3. 585
10 4] 4409 1030 L 571 2064 2,518 2.985 334 3.086 4,023
@ 0 « 4500 L0687 165 2215 .75 a2 3.818 4.336 4. 832 ©
Ey=Hmn's
1 o |
2 0.2304 . 0.3338
3 . 4655 . 7082 0. 8359
4 .680:8 <945 L1901 L.323
] . 6508 1. 167 L 1. 662 1.783
8 .T622 L300 L6883 1. 641 2123 2 251
7 . 8066 1. 417 1. 857 2174 2 403 2.573 2701
8 . 8393 L 501 19899 2.370 2,648 2.857 019 3.145
9 - 3641 1 567 2115 1536 2 860 3.110 3.303 3. 460 3. 585
10 . 8834 1.622 2213 2,679 3. 45 8.335 3.565 8. 740 3. 000 4.022 -
« 10000 2.000 3.000 4. 000 5.000 6.000 7.000 8.000 9, 000 10. 000 @
X _ -,
Eo=Im', .
S
1 a
2 0. 2394 0 oo
3 4655 0. 05985 0 .
4 . 6078 . 1452 0. 02333 i} .
b . 6988 2150 06393 0. 01140 a
6 . 7622 « 2080 . 1031 -03348 0. (0640 0
7 . 8068 .3009 .1367 . 05758 . 01987 0. 00393 .
) .8303 . 3385 1643 o 07 . 03541 .01288 0. 00259 Q
9 « 5641 .3622 . 1569 . 09841 05077 . 02330 . 00858 0. (0179 1]
10 . 3834 .3810 « 2054 . 1164 . 06503 . 03431 .01016 . 00608 0. 00130 0
@ 1.0000 . 5000 .3833 » 2500 . 20000 . 16667 . 14286 . 12500 11118 0.10000 0

t For translation kg, k3, k. are given in Table ITI.
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(Innper surface of a b c)

TABLE VII™
INERTIA COEFFICIENTS ¥, k's, ¥’ FOR ELLIPSOIDS IN ROTATION.

[Defined in eq. (77)]

e
13
ajc 1 z° 3 4 [ 6 7 8 9 10 [
kf.éami.;:
" Oto 1] 0. 36000 0. 64000 0. 77854 0. 85208 0. 89482 0. 92160 0. 93041 0. 95181 0. 66078 'tooooo
k‘b-Hm’:: ' ’
1 0
2 0. 36000
] + 64000 .
4 T7854
[ 85208 -
8 Same for all values of b/c.
7 92160 t
8 . 03041
9 . 95181
10 . 96079 -
® 1. 00000
Fo=Imt, .
1 0 _ U
2 0. 36000 1] . . T
3 64000 0. 14703 . -
4 . 17854 . 38000 0. 07840 0 L
& . 85208 . 52438 « 32145 0, 04818 0 -
6 . 80482 . 64000 . 36000 .1 0. 03252 0 -
7 . 92160 ~ 72190 . 47663 . 25776 . 10528 O‘gﬁg )]
8 - 93041 . T7854 . 50764 . 36000 . 19202 . ” 0. 01762 0 :
9 . 95181 . 82062 . 84000 . 44008 . 27910 W14 . 06059 0. 01375 [:
10 . 96079 . 85208 . 60699 . 52438 . 36000 . 32148 . 14716 . 04818 0.01102 1]
o 1. 060000 1. 00000 1. 00000 L 00000 1. 00000 1. 00000 100000 | 100000 1. 00000 L.00000 |-eemenr. -

PR,
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TABLE VIII
INERTIA VALUES FOR LIMITING FORMS OF ELLIPSOIDS a>b>c

INERTIA COEFFICIENTS FOR TRANSLATION AND ROTATION
o : Shape ke I k K. R e
c=0
1 1] Q ‘@ - ™ 1]
I+ 0 0 - « - 0
- o 1] @ « 1]
>0
) ) | : )
: : _¢c_ ce—esinie __aae—csginle &i(r—p5t 0
1 [ Oblate spherold et=1—c¥2! Caele ) —e simte ¢.ce—a sin e =2~ e Cre—Pol .
1+ | Ellipsotd. o
@ | Eliptical eylinder ...oeomenme_] 0 o bfe z bje b s
! - .
Ccmed
- l - E
1 Sphere M “ H [ 1 10
M‘]if_ge log Ite 2 . *
14 Jate spherold o l—ctla? T—¢ iy o 2 0 ei(Ba—cco)t
Prolate spherold £#=1—c¥fo?.._ ife_ 2% e g i - - G—a)
R T it
@ Round cylinder..... i) 1 1. 0 i 1
APPARENT MASSES AND MOMENTS OF INERTIA WHEN c=0 P
o i Shape Eem P okm ko bt ¥ F.C -
] ' - =T
1 Cirealar disk....... ..._.__._' 0 .‘ o . Y : 1 0 .
1+ i ! 4 4xp _abd(@i—b0)  jwp _ abi(al~ -
Elliptical disk—....... - 0 ;0 . NE W G mE-FR 5 @—BERS 0 L
« | Lorgrectangleame. .. 0 Lo i et | 0 _ Co
3 3 3 31—a  1ie s
111—5.-—1+;,—;-\/Q sin-te, Ba—o=—3+5—3 5 b,

* Per unit length of model.
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TABLE IX

LIFT, DRAG, AND MOMENT ON ENDLESS ELLIPTIC CYLINDER
[Width 8 inches, thickness 2 inches, air speed 40 miles per hour}

l Moment ebout long
] Lt Drag axis pound foot per
i 1o foot run
l t:c!k at-. —
il . ..-| Theoreti-
l 4egrees | poynd perfoot | B cal
ran mental | N=1.3392
sin 2a
—8 | —2.80 | 0.160 | —0.3357] —o.3691
—6 —1LH 139 ~254 ] —.2r84
—4 —142 122 ~. 170 —. 1864
-3 —L11 118 ~. 127 —. 1400
2 -~.76 11 ~, 084 —. 0934
=1 —. 40 .108 ~. 047 —. 0487
] | B S| S
2 ) pasy "L (085 L0034
3 L13 118 AR . 1400
i L | .Im L 1864
[} L90 . 140 4B 2734
+8 +2.18 165 + 32;5 -+.8691 |

| *g; t{;ﬁe test angles « were in pert fractional, all messurements in Table X are fajrad from the original grapha of lift, dreg, and moment versus
a, in fig. 15, - :

TABLE X

LIFT, DRAG, AND MOMENT ON ENDLESS THIN FLAT PLATE
[Width 5 inches, air speed 40 mfes per hour}

- Momaat about long
- per foof run
Angle N N
of at- T
tack a, | - _ ~ | Theoretl-
Pound per foot run ianxp Emz-l 7 ! N.‘?;‘.%m
. ;7] sin2a
o = B T
—8 | —1345 | 0.190 ~0187 | —0.1538
-8 -—. 980 .112 — &7 = 1160
s /A T - W~
-4} g4 | o806 | —of] —omT7
—3 —.471 0464 —. 080 —. 0683
—2 | —a5 | o380 | — —- 1380
-1 —. 157 . 0324 —.016 —. 0195
A A | Es | Lo Lo
2 Jgti | L0880 -] o
3 W | Lodm2 00, 088
i 430 .0848 . 088 L0777
H 831 1 L0900 -036 . 0984
6 1.018 J124 .08 . 1160
H 1.848 . 208 . 107 1538
H e | ool L84 41900
12 1504 | 860 % |
14 1,582 422 b}
16 1581 480 - 055
+18 | +1.5%0 542 +.048, I
T ;

[
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TABLE XI

LIFT, DRAG, AND MOMENT ON THIN ELLIPTIC WING
{Length 30 Inches, width 5 inches, afr speed 40 miles per hour]

Moment about long L m—
Lite Dreg axis, pound foot o ST
of at-
5&%‘%& Exper: Theeglmﬁ-
Poands mental | L=0.8963
sin 2«
-8 —2.415 0.426 -0.173 —0. 2471
-8 —1.838 263 —. 154 —. 1868
—4 —1.1588 . 169 —. 109 -, 1247
-3 —. 888 .138 -, 082 —. 0937
-2 -, 587 116 -, 053 —. 0625
-1 —. 204 105 - —. 0813
0 4.005 108 a
+1 .306 106 +.030 . 0818 -
2 . 590 118 . 056 0025
3 .890 136 084 . 0837
i £195 | |18 R 1047 .
8 1,861 <365 - . 1863
8 2 474 422 .185 <471
10 2.885 . 567 -+. 3066
12 2,958 . 096 109 -
14 2,892 708 094
18 2.859 87 . 086
18 2.7689 974 097
+20 +2.725 1085 +. 005
TABLE XII

MOMENT ON PROLATE SPHEROQID!
[Length 24 inches, diameter 6 inches, through-alr speed 40 feet per sacond]

Moment about minor sxis, pound foot

4

. Measursd
- Angle Found by -
on bal- [ )

- of at-
“tack | BUC2 Th:ﬁeﬂ-
. degrees N=0.388
' i Rectl- Reoti- Curvi- sin 2o
i linear Iinear Hnear
! motion | metfon | motion
‘[ —20 | —0.179 | —o.207 | 0157 | —~0.249
| ~-10 -.108 —.122 —. 078 —.183
— | -5 [ = —.018 | —o05
H (1] 0 0 +.021 0 i
410 +. 1068 +. 122 <127 :t. 138
+20 +. 179 +. 207 +.177 . -

1 Data taken from Referencs 3.



